In this paper, a constrained distributed parameter port-Hamiltonian model of the ionic polymer metal composite actuator is proposed. This model describes the multiscale structure of the system. Submodels are coupled by boundary multi-scale elements. In order to preserve the causality of the system, Lagrangian multipliers are introduced to deal with the coupling between the electro-stress diffusion in the polymer and the flexible beam structure of the actuator. Finally, a structure-preserving discretization scheme and some appropriate projections are used to derive an explicit model suitable for simulation. The accuracy of the model is verified using experimental data.
INTRODUCTION
Ionic polymer metal composites (IPMCs) are electroactive systems that can be used either as an actuator or a sensor. Among the diversity of electro-active materials such as piezoelectric materials, magnetostrictive materials etc., IPMCs are more and more used in different application fields, e.g biomedical applications, bio-manipulation and micro-or macro-electromechanical systems (Shahinpoor, 2016 ) due to their low-cost voltage, large deformation, wide working frequency ranges and their capability of working in aqueous environments. IPMCs consist of a double electrode layer filled with a polyelectrolyte gel. Cations and solvent molecules migrate toward the cathode when a difference in the electric potential is imposed across the two terminals of its double electrode layer. As a consequence, the cathode side swells while the anode side shrinks, entailing a bending effect to the anode side (Park et al., 2010) . Based on its physical structure and working principle, various models for IPMCs have been proposed in the literature, going from the black box model (Xiao and Bhattacharya, 2001) to models using more physical insight (Shahinpoor, 2016; Branco et al., 2012) . A powerful tool for the modeling and control of complex multi-physical nonlinear systems, called port-Hamiltonian approach, has been introduced and developed in the last decade (Maschke and van der Schaft, 1992) . The first port-Hamiltonian modeling of IPMC actuators has been proposed in (Nishida et al., 2011) . This model consists in three sub-components which are multiscale, and are all described by distributed parameter sys-
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MODELING OF IPMC
The IPMC under investigation (cf. Fig. 1 ) is of length L, width b and thickness h. It consists of three sub-systems at different scales as shown in Fig. 1 . First, an electrical model, which is at a scale of nanometer, is used to represent the fractal-like structure of the double electrical layers. The dynamics of the polyelectolyte gel, at a scale of 100 µm, is described by an electro-stress diffusion coupling model. At last, the global mechanical
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Electrical system
The two electrodes of Fig. 1 are modeled by the distributed RC circuit. The voltage V is supposed to be uniformly distributed on the double layers electrodes. With the idea of (Nishida et al., 2008) , (Nishida et al., 2011) , each fractal-like structure (see the red circle in Fig. 1 ) is referenced as ξ in a virtual coordinate. L ξ denotes the length of each fractal-like structure, R 1 is the resistance between two adjacent branches of fractal-like structure, and R 2 and C 2 are the resistive and capacitive impedance of each branch, respectively (Bao et al., 2002) . Each fractal-like structure is connected to the electroactive gel through its boundary at ξ = 0. The continuity equation and the Kirchhoff's current law (KCL) yield:
where Q(ξ, t) is the charge density of each capacitor. By applying the Kirchoff's voltage law (KVL), one gets :
Let v(0, t) = V + V c , and i(0, t) = I, where V c corresponds to the voltage coming from the gel. By defining (Nishida et al., 2008) :
and combining equation (2), equation (1) can be written on the form 1
(3) Assuming that the impedances are infinite, the current at the endpoint of each fractal structure is zero, namely i(L ξ , t) = e r1 (L ξ ) = 0 (Nishida et al., 2011) .
Electro-stress diffusion system
An electro-stress diffusion coupling model is considered to describe the swelling and shrinking dynamics in the gel (Nishida et al., 2011) . Compared to the diffusion in the liquid phase of the gel, the deformation of the solid phase is so fast that it is considered as quasi-static. Consequently, the mechanical dynamics of the gel is not represented explicitly, and the radius of curvature of the gel is derived from the rotational angle of the beam, leading to an algebraic constraint.
Deformation of the solid phase
This deformation is assumed to be symmetric. The schematic is shown in Fig. 3 but is assumed to be locally homogeneous (Nishida et al., 2008) , i.e. ∂R(x, t)/∂x = 0 always holds in each z domain. The displacement of each volume point projected in Cartesian coordinate is given by:
The swelling ratio f s1 (z, x, t) of the solid part is defined as the divergence of the displacement tensor:
According to the hypothesis of symmetric deformation, the linear formulation about the stress tensor and the displacement is expressed as:
where K and G are the bulk modulus and the shear modulus of the gel, respectively, and δ ij is the Dirichlet function. The stresses are average variables in the IPMC. Further informations on different stresses of IPMC model are available in (Zhu et al., 2012) . As a result, equation (4) and (6) yield the following expression:
z.
(7)
Dynamics of the liquid phase Two coupled phenomena can be distinguished in the liquid phase: electro-osmosis, and water transport. These coupled phenomena were formulated in the work of (De Gennes et al., 2000) , covering the transport of ions and the solvent:
where j e and j s represent the electric current density and the water flux density, respectively. σ e is the conductance, λ stands for the Onsager's coupling constant, k denotes the Darcy's permeability, ψ is the electric field, and p represents the water pressure in the network (De Gennes et al., 2000) . It is supposed that the liquid goes only in the z direction, so ∇p = ∂p/∂z is the mechanical force. The bulk region of the gel satisfies the charge neutrality condition, namely ∇j e = 0. The incompressibility of poly-electrolyte gel is also assumed in this work (Yamaue et al., 2005) , i.e.:
Thus, the gradient of pressure can be calculated as:
So equation (8) can be rewritten as:
where 1 Z stands for the characteristics function of domain z. It distributes the boundary values λ/σ e j e (t) and Φ(x, t) as uniform constants into z domain. In the liquid phase, a swelling ratio f s2 is also introduced. It follows the conservation law that:
This equation can then be reformulated in the PHS framework as:
The effort and the boundary variables are:
(15) Since the solid and liquid phases are strongly mixed with each other, we have f s1 = f s2 = f s . As hinted by equation (15), 1 Z λ/σ e j e (t) and 1 Z Φ(x, t) do not appear explicitly in the dynamics, while they play a role of input in order to match the impermeable assumption j s (±h/2, t) = 0.
-- Fig. 4 . Bond graph of the coupling between the domain z and ξ.
Coupling with the mechanical system At the macroscale, the electro-stress diffusion model connects with the mechanical model through two bending moments, M a and M p , and the angular velocity ∂θ(x, t)/∂t.
Coupling through the active moment
In view of the power conservation, an additional term is added into equation (13) to match the output of active moment:
The latter term can be regarded as a diffusion term of the mass conservation, since the gel consists of multiple molecules.
The bond graph of this interconnection is similar to the one in Fig. 4 .
Coupling through the passive moment
As for the coupling via the passive moment M p , it is supposed to make the connection with Φ(t), since both the gel model and the beam model have the same curvature, 1/R(t) and ∂θ/∂x. Because Φ is a flow source for this electro-stress diffusion system and M p is the output of this system, a Lagrangian multiplier λ L is proposed here to deal with the causality, as shown in Fig 
The relations between Φ and M p , and f s | ∂z and ∂θ/∂t are expressed as follows:
With the Lagrangian λ L = Φ, equation (22) is rewritten as:
which reveals that the arrow of the Lagrangian multiplier in the bond graph Fig. 5 is an effort source with zero flow. This ensures the power conservation. Accordingly, equation (15) changes to:
Mechanical system
The mechanical deformation of IPMC can be represented by a classic Timoshenko beam with x ∈ [0, L]. The dynamics equation is reformulated under port Hamiltonian framework as (Villegas, 2007) :
where
ρA(x) x 4 (x, t), e 5 = EI(x)x 5 (x, t), e 6 = 1 ρI(x) x 6 (x, t). The distributed bending moment comes from the electrostress diffusion system, and reads:
According to (Le Gorrec et al., 2005) , the boundary variables are calculated as: 
Global system
The above three subsystems can be connected to a global system, which is expressed as:  
Note that the operator ∂ z 1 Z equals to zeros when multiplied by a variable outside the z domain (e.g. λ L ), while equals to the difference at the boundary when multiplied by a variable belongs to its domain (e.g. ∂ z 1 Z e 2 = −e 2 (h/2) + e 2 (−h/2)).
Suppose the parameters C 2 , K, A, ρ, E, and I are homogeneous, the Hamiltonian of this system is:
DISCRETIZATION AND MODEL REDUCTION
In order to preserve the geometric structure of the overall PHS, the finite difference method on staggered grids (Trenchant et al., 2018) is employed to discretize each scale of the distributed parameter model of the system. The principle of this method is to approximate effort and flow variables on different grids in order to preserve the power balances. A particular care has to be paid on the boundary conditions and to interconnexions between two different scales. In a second instance a projection is used in order to get rid of the Lagrangian multipliers.
Multiscale discretization
Considering the fact that we have a multi-scale model, ξ and z are local coordinates while x is the global coordinate, which leads to the assumption that for each point in x, there is one corresponding ξ and z. Hence, there will be N e (= N ξ × N b ) elements for the electrical system, N g (= N z × N b ) ones for the electro-stress diffusion system, and N b elements for the mechanical system. For a sake of conciseness the discretization method is not detailed here. It yields the final dimensional model below:
and the constraint equation
, 26, 6, 63} and g k with k ∈ {21, 22} are matrices depending on the discretization steps and systems parameters.
Elimination of Lagrangian multipliers
In this section the DAE (31) together with (32) will be reduced to an ODE, in order to perform the simulation and apply control strategies afterwards. The proposed method is based on the idea of coordinate projection as in (Wu et al., 2014) . Given
where S satisfies: S · g c = 0. (31) is multiplied by the matrix M , and becomes:
Meanwhile, equation (32) can be rewritten as:
It is implied from equation (33) thatX 1 does not depend on λ Ld . Hence the second line of equation (33) is substituted by equation (34), reforming a descriptor system as follows:
SIMULATION
In this section, the proposed model will be verified by comparing the simulation with the experimental results. The simulation carries out with an IPMC actuator of dimension 45mm (in length)×5mm (in width)×0.2mm (in height), which contains the tetraethyl-ammonium ion TEA + , and whose total resistance and capacitance equal to 23.6178 Ω and 0.0635 F, respectively. Mechanical parameters of this IPMC are illustrated in table 1. With a voltage 1V applied, the deformation of the endpoint of the IPMC strip and the output current are shown in Fig. 6. From Fig. 6 , one can observe the simulation reproduces the same behaviors of the experimental results.
CONCLUSION
In this article, a detailed IPMC model is characterized under the port-Hamiltonian framework, and its dynamic performance is investigated numerically. The Lagrangian multiplier method is used to model the geometric constraints between the gel and the beam. The global system forms a stokes-Dirac structure, that guarantees the energy preservation. This system is later discretized by means of the finite difference method on staggered grids. Thus, the model can be reduced into a descriptor port-Hamiltonian form with the elimination of the Lagrangian multiplier.
Finally, the proposed model has been validated by the experimental measurements. The ongoing work is to deal with the modeling of the 2-D tubular IPMC actuator. Also, the passivity based control design for the IPMC actuator would be investigated under the port-Hamiltonian framework in the future.
